ON MONGE-AMPERE EQUATIONS WITH HOMOGENOUS 
RIGHT HAND SIDE 



PANAGIOTA DASKALOPOULOS* AND OVIDIU SAVIN 

Abstract. We study the regularity and behavior at the origin of solutions 
to the two-dimensional degenerate Monge-Ampere equation det D^u = |a;|", 
with a > —2. We show that when o > solutions admit only two possible 
behaviors near the origin, radial and non-radial, which in turn implies C^'* 
regularity. We also show that the radial behavior is unstable. For a < we 
prove that solutions admit only the radial behavior near the origin. 



1. Introduction 
We consider the degenerate two dimensional Monge-Ampere equation 
(1.1) detl^^w = |a;r, x € Bi 

on the unit disc Bi = { |x| < 1} of and in the range of exponents a > — 2. Our 
goal is to investigate the behavior of solutions u near the origin, where the equation 
becomes degenerate. 

The study of (jl.ip is motivated by the Weyl problem with nonnegative curvature, 
posed in 1916 by Weyl himself: Given a Riemannian metric g on the 2-sphere §^ 
whose Gauss curvature is everywhere positive, does there exist a global isometric 
embedding X : (S^,(?) — » {Mp^ds'^), where ds^ is the standard flat metric on M!^ ? 

H. Lewy |10j solved the problem under the assumption that the metric g is 
analytic. The solution to the Weyl problem, under the regularity assumption that 
g has continuous fourth order derivatives, was given in 1953 by L. Nirenberg [12^. 

P. Guan and Y.Y. Li [6 considered the question: // the Gauss curvature of the 
metric g is nonnegative instead of strictly positive and g is smooth, is it still possible 
to have a smooth isometric embedding ? 

It was shown in [B] that for any C*-Riemannian metric g on §^ with nonneg- 
ative Gaussian curvature, there is always a C^'^ global isometric embedding into 

Examples show that for some analytic metrics with positive Gauss curvature 
on except at one point, there exists only a C^'^ but not a global isometric 
embedding into {M.^,ds'^). Note that the phenomenon is global, since C.S. Lin [TT] 
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has shown that for any smooth 2-dimcnsional Riemannian metric with nonncgative 
Gauss curvature there exists a smooth local isometric embedding into (R'^, ds^). 

This leads to the foUowing question, which was posed in [6J: Under what con- 
ditions on a smooth metric g on §^ with nonncgative Gauss curvature, there is a 
C^'" global isometric embedding into (M'^,ds^), for some a> 0, or even a C^'^ ? 

The problem can be reduced to a partial differential equation of Monge- Ampere 
type that becomes degenerate at the points where the Gauss curvature vanishes. It 
is well known that in general one may have solutions to degenerate Monge- Ampere 
equations which are at most C^'^. 

One may consider a smooth Riemannian metric g on with nonncgative Gauss 
curvature, which has only one non-degenerate zero. In this case, if we represent the 
C^'^ embedding as a graph, answering the above question amounts to studying the 
regularity at the origin of the degenerate Monge- Ampere equation 

(1.2) AetD'^u = f, onBi 

in the case where the forcing term / vanishes quadratically at x = 0. More precisely, 
it suffices to assume that f{x) = |a:pg(x), where g is a positive Lipschitz function. 
This leads to equation ()1.1|) when a — 2. 

In addition to the results mentioned above, degenerate equations of the form (|1.2p 
on were previously considered by P. Guan in [5] in the case where / G C°°{Bi) 
and 

(1.3) A-^ {xf + B xl"') < f{xi,X2) < A{xf + B xl'"") 

for some constants A > 0, B > and positive integers I < m. The regularity 
of the solution u of (|1.2p was shown in [5|, under the additional condition that 
Ux2X2 > C'o > 0. It was conjectured in [S] that the same result must be true under 
the weaker condition that Am > Cq > 0. This was recently shown by P. Guan and 
I. Sawyer in [8]. 

Equation (jl.ip has also an interpretation in the language of optimal transporta- 
tion with quadratic cost c{x, y) — \x — j/p. In this setting the problem consists in 
transporting the density from a domain U.^ into the uniform density dy in 

the domain Oy in such a way that we minimize the total "transport cost" , namely 

/ i2/(x) - a^n^rdx. 

Then, by a theorem of Y. Brenier [1], the optimal map x i— > y{x) is given by the 
gradient of a solution of the Monge- Ampere equation (jl.ip . The behavior of these 
solutions at the origin gives information on the geometry of the optimal map near 
the singularity of the measure |a;|" dx. 
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We will next state the results of this paper. We assume that u is a solution of 
equation Then, u is C°°-smooth away from the origin. The following results 

describe the regularity of u at the origin. We begin with the case when a > 0. 

Theorem 1.1. If a > 0, then u £ C^'^ for a small S depending on a. 

Theorem 1 1.1 1 is a consequence of Theorem [T|2] which shows that there are exactly 
two types of behaviors near the origin. 

Theorem 1.2. If a > 0, and 

(1.4) u(0) = 0, Vu(0) = 

then, there exist positive constants c{a), C{a) depending on a such that either u 
has the radial behavior 

(1.5) c(a)|a;p+^ < u{x) < C{a)\xf+'^ 

or, in an appropriate system of coordinates, the non-radial behavior 

(1.6) u{x) = , ^ ° ^iJ ^il'-"" + ^4+0 + xiy+') 

[a + 2)(a + 1) 2a 

for some a > 0. 

The non-radial behavior (jl.6p was first shown by P. Guan in 5J, under the 
condition that u^.^^^ > Cq > near the origin, and was recently generalized in [5] 
to only assume that Au > Cq > 0. 

The next result states that the radial behavior is unstable. 
Theorem 1.3. Suppose a > 0, let uq he the radial solution to (jJ.jp . 

uo{x) = Ca\x\'^^^ 
and consider the Dirichlet problem 

det u ~ \x\°' , u = Uq — e cos{29) on dBi. 
Then u — u(0) has the nonradial behavior ^1.6\i for small e. 

Subsequences of blow up solutions satisfying (ll.5|l converge to homogenous so- 
lutions, as shown next. 

Theorem 1.4. Under the assumptions of Theorem if u satisfies (j i . 5p . then 
for any sequence of r^ — > the blow up solutions 

r^^ ^u{rkx) 

have a subsequence that converges uniformly on compact sets to a homogenous so- 
lution of (ji.jp . 
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In the case —2 < a < solutions have only the radial behavior. Actually, we 
prove a stronger result by showing that u converges to the radial solution uo in the 
following sense. 

Theorem 1.5. //— 2 < a < and ^l-4\ holds, then 

lim ^ = 1. 

Our results are based on the following argument: assume that a section of u, 
say {u < 1}, is "much longer" in the xi direction compared to the X2 direction. If 
V is an afBne rescaling of u so that {u < 1} is comparable to a ball, then v is an 
approximate solution of 

detD^v{x) « c\xi\°'. 

Hence, the geometry of small sections of solutions of this new equation provides 
information on the behavior of the small sections of u. For example, if the sections 
of V are "much longer" in the xi direction (case a > 0) then the corresponding 
sections of u degenerate more and more in this direction, producing the non-radial 
behavior (|1.6p . If the sections of v are longer in the X2 direction (case a < 0) then 
the sections of u tend to become round and we end up with a radial behavior near 
the origin. 

We close the introduction with the following remarks. 

Remark 1.6. From the proofs one can see that the theorems above, with the ex- 
ception of the instability result, are still valid for the equation with more general 
right hand side 

det D^u = \x\"g{x) 

with g e C\Bi), g > 0. 

Remark 1.7. i. We will show in the proof of Theorem 1 1 . 1 1 that solutions of (|l.ll) . 
with a > 0, which satisfy the radial behavior (jl.Sp at the origin are of class C^'^. 
ii. Theorems ll.li 11.21 and the results of Guan in [5] and Guan and Sawyer in [8] 
imply that solutions of (jl.ip . with a a positive integer, which satisfy the non-radial 
behavior (|1.6p at the origin are C°°-smooth. 

Remark 1.8. Equations of the form 

(1.7) detD^w = \Vw\'^, (3 = -a 

for which the set {Vw = 0} is compactly included in the domain of definition, 
can be reduced to (jl.ip by defining u to be the Legendre transform of w. Hence, 
Theorem 11.51 establishes the sharp regularity of solutions w of equation (|1.7p when 
< /3 < 2. 
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The paper is organized as follows. In Section [2] we introduce tools and notation 
to be used later in the paper. In Section [3] we prove Theorem 11.21 In Section [4] we 
establish the radial behavior of solutions when — 2 < a < 0, showing Theorem 11.51 
In Section [5] we investigate homogenous solutions and give the proof of Theorem 
11.41 In Section[6]we prove Theorem ll.3l Finally, in Section[7]we show that Theorem 
11.21 implies Theorem ll.il 

Acknowledgment: We are grateful to P. Guan and Y.Y. Li for introducing us to this 
problem and for many useful discussions. 

2. Preliminaries 

In this section we investigate the geometry of the sections of u, namely the sets 
^Ixo ■= {'^i^) < "(2^0) + Vu(a;o) • (x - xq) + t}. 

We omit the indices u and xq whenever there is no possibility of confusion. We 
recall some facts about such sections. 

John's lemma (c.f. Theorem 1.8.2 in [9]) states that any bounded convex set 
n C K" is balanced with respect to its center of mass. That is, if has center of 
mass at the origin, there exists an ellipsoid E (with center of mass 0) such that 

E cnc k{n)E 

for a constant k{n) depending only on the dimension n. 

Sections S^^^ of solutions to Monge- Ampere equations with doubling measure 
/i on the right hand side also satisfy a balanced property with respect to xq. We 
recall the following definition. 

Definition 2.1 (Doubling measure). The measure ^ is doubling with respect to 
ellipsoids in if there exists a constant c > such that for any point G and 
any ellipsoid xq + E <Z ^ 

(2.1) ^l{xo + E)>c^Ji[[xo + 2E)C^n). 
The following theorem, due to L. Caffarelli [2] holds. 

Theorem 2.2 (Caffarelli). Let u : Vl -^M. he a (Alexandrov) solution of 

detD^u = 

with ^ a doubling measure. Then, for each St^xo C there exists a unimodular 
matrix At such that 

(2.2) k^^AtBr C St,xo -xo^ koAtBr 
with 

r = i(^(5t,,J)^i/", det^t^l. 
for a constant fco(c, n) > 0. 
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The ellipsoid E — AtBr remains invariant if we replace At with At O with O 
orthogonal, thus we may assume that A is triangular. If p.2|) is satisfied we write 

St- At 

and say that the eccentricity of St is proportional to \At\. 
The measure that appears in (jl.ip . namely 

/i :— dx 

is clearly doubling with respect to ellipsoids for a > 0. We will see in Section 2] 
that this property is still true for — 1 < a < but fails for —2 < a < —1. 

Next we discuss the case when the right hand side in the Monge- Ampere equation 
depends only on one variable, i.e 

(2.3) detD'^u^h{xi). 

We will show in Section [3] that such equations are satisfied by blow up limits of 
solutions to detl?^u = |a;|" at the origin, when a > 0. 

These equations remain invariant under affinc transformations. Also, by taking 
derivatives along the X2 direction one obtains the Pogorelov type estimate 

U22 < C 

in the interior of the sections of u. 

Assume that u satisfies equation (|2.3p in Bi C K", in any dimension n > 2 and 
perform the following partial Legendre transformation: 

(2.4) 2/1= a;i, y., = Ui{x) i>2, u* (y) ^ x' ■ V^'U - u{x) 

with x' — (x2, x„). The function u* is obtained by taking the Legendre transform 
of u on each slice xi = const. We claim that u* (which is convex in y' and concave 
in yi) satisfies 

(2.5) ul^ + h{yi) det Dl,u* = 0. 
To see this we first notice that by the change of variable 

v{xi,x') u{xi, x' + XiS^') 
V satisfies the same equation as u and 

v*{y) = u*{y) -yiC ■ y'- 
Thus we may assume that D^u is diagonal at x. Now it is easy to check that 

mJ — —ui, Vyiu* — x' 

and 

ul, = -un, Dl,u* = [Dl,ur\ 

Hence u* satisfies (|2.5p . 
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Remark 2.3. The following hold: 
i. The partial Legendre transform of u* is u, i.e. («*)* = u. 

ii. The inequality |u — 1;| < e implies that ]«* — w*| < £ on their common domain 
of definition. 

in. In dimension n = 2, the partial Legendre transform of the function p{xi,X2) = 

a |a;ip+" + bxiX2 + dx"^ is given by 

(2.6) p*{yi,y2) = (a + bx^X2 + dxD* = -ayl+" + ^(^2 - by^f. 

Notice that p is a solution of the equation det D^u = c |a;i |" , for an appropriate 
constant c, and p* is a solution of the equation wn + c \yi\" W22 = 0. 

We will restrict from now on our discussion to dimension n = 2 and the special 
case where h{xi) = \xi\". 

Lemma 2.4. Assume that for some a > 0, w solves the equation 

Lw := wn + W22 =0 in Bi cM.^ 
with \w\ < 1. Then in B1/2, w satisfies 
w{y) = ao + «i • 2/ + a2 2/1 2/2+ 

+ - {1 ^'^ - (a + 2)(„+l) I"!"") + O"""^ + 
with \ai\ and 0{-) bounded by a universal constant and S = S{a) > 0. 

Proof. First we prove that W2 is bounded in the interior. Since Lw2 = 0, the same 
argument applied inductively would imply that the derivatives of w with respect to 

y2 of any order are bounded in the interior. 
To establish the bound on W2, we show that 

(2.7) L(Cw^ + ip^wj) > 

for a smooth cutoff function (f, to be made precise later. Indeed, a direct compu- 
tation shows that 

L{w^) = 2{wl + \yirwi) 

and 

L{<fi''wl) = L{,p'')wl + <p''L{wl) + 2{ip'')i{wl)i + 2|yir((^2^2(«^i)2 

= L{ip^)wl + 2ip^ (u;|i + \yi\°'wl2)+KviW2){vw2i) + S\yi\'^{(p2W2){vw22) 

hence 

L{Cw^ + <p2y,2) > 2C \y^\'-wl + 2<p2 {wl^ + |yir«;L) 

+ L{lp'^)wI + S{lP\W2){lPW2i) + 8|yi|"(<^2W2)(<^W22). 

By choosing the cutoff function ip such that (^1 = for |yi| < 1/4, then 

L{^^) > -(7i|t/ir, \viW2\ < Ciit/ir/'k2i 
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and wc obtain ()2.7|) if C is large. Therefore W2 is bounded in the interior by the 
maximum principle. 

The equation wn + |yi|" W22 = and the bound |w22| < C imply the bound 

kill <C|yir. 

Thus wi is bounded. The same estimates as above show that W12, W122 are bounded 
as well. By Taylor's formula, namely 

/W = /(0) + /'(0)t+ f\t-s)f"{s)ds 
Jo 

and the equation Lw = 0, we conclude that 

w{y^,0) = wiO) + u;i(0) y^ - n ^i^" + 0(lyil'+"), 

(a + 2)(a + 1) 

w{yi,y2) = wiyi,0) + W2iyi,0) y2 + ^^^^ yl + 0(|2/2|' + \yiyl\), 

and 

u;2(yi,0) = W2{0) + w;i2(0)yi + 0(|yi|'+") 
from which the lemma follows. 

□ 

Notation: By universal constants we understand positive constants that may also 
depend on the exponent a. Also, when there is no possibility of confusion we use 
the letters c, C for various universal constants that change from line to line. 



3. Proof of Theorem 11.21 

Throughout this section we assume that a > 0, that u satisfies 

m(0) = 0, Vw(0) = 

and we simply write St for the section S'"q. 
Let 

r:={|xip+"+x2<l} 
be the 1 section of + at 0. If a set VI satisfies 

(i-6')rc 17 c (i + e')r 

we write 

The following approximation lemma constitutes the basic step in the proof of 
Theorem [L2l 
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Lemma 3.1. Assume that u in the section Si satisfies 

(3.1) detD^u^cfix), |/(x)- |xin <e 
and 

(3.2) SieT±9 

with e < eo and e^/* ^ d , 6 < 1 small. Then, for some small universal to, we have 

St,eADt,iT±eti) 

where 

\a21 022/ \ t§J 

and 

\A- I\ < CO, C universal. 
Moreover, the constant c in (|3.ip satisfies 

(3.3) \c-2{l + a){2 + a)\<Ce. 
Proof. We consider the solution 

<"> " |2(l + oK2\o)]./» 'l-l'"° + -i) 

of the equation 

det D^v = clsil" 

and compute that 

(3.5) deiD'^iv + ^/^\x\^) > c(|a;i|" + e) > det D'^u 
and 

(3.6) detD^{u + Vce\x\^) > c(/(x) +e) > detD^v 

because \ f{x) — \xi\"\ < e, by assumption. 

We first notice that the assumption (j3.2p imphes that the constant c in equation 
(|3.ip is bounded from above by a universal constant, if Sq is small. This can be 
easily seen from equation (|3.6|) which, with the aid of the maximum principle, 
implies that u + ^fcs \x^ > v, on {u — 1} (notice that both v and w = u + ^/ce \x\^ 
satisfy t;(0) = ^(0) = and Vw(0) = Vu(0) = 0). Since {m = 1} £ T ± 6*, this 
readily gives a bound on c, if we assume that 9 is small. 

We will next show that 

(3.7) {?;<l}er±26' 
which implies the bound (j3.3p . Indeed, if 

{w < 1} C (l-26')r 
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then V > u + c9 \x\^ on {u = 1}, for a universal c, thus 

V > u + \/ce Ix]'^ , on {u = 1} 

since, by the assumptions of the lemma, < e^/^ < 9 and e < eo, with eq 
sufficiently small. We conclude from the maximum principle (see p.Sp ). that v > 
u + v^|a;p in Si. This is a contradiction, since u(0) = f (0) = 0. If 

(l + 26l)5i C {w < 1} 

then similarly we obtain v + \/ce|a::p < u in 5*1, a contradiction. 
Let w be the solution of the problem 

detD^w — cx\^ in S*!, w — u on dSi. 

By the maximum principle 

w+y^i\x\'^ -2)<u<w - y^dxp - 2) 

thus 

Also from l|3.7p we obtain 

< ce. 

Hence, by Remark 12.31 the corresponding partial Legendre transforms defined in 
Section [5] satisfy in i?i/2 

(3.8) \w*-v*\<Ce 

(3.9) |w* < C^/£, w*(0) = 0, Vu*(0) = 
and w* and v* solve the same linear equation 

Using Lemma for the difference w* - v* together with (P^ . ([5^ . ([?^ and 
(03), yields to 

^g^^^ i«* = -|2/i|'+" + Jy2 + a + feiyi + &2Z/2 

with the coefficients a, fe;, c, di bounded by a universal constant. 
From (l3Jl) we find that 



w*(0,2/2) > -CVe and (yi, 0) < C^^ 
since, from the convexity in y2 and concavity in yi of u* , 

w*(0,2/2)>0 and u*(?/i,0)<0. 
This and (|3.I0p imply the bounds 

\a\ < \bi\ < Ce^/\ I62I < Ce^/\ 
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Thus, if |?;ip+" +y2< 10 to, then 

w*^-{i- did) + Q + d^e^ vl + c0 2/12/2 + o(£i/4 + etl+'). 

Hence, by performing the partial Legendre transform on w* (using that (w*)* = w 
and (j2.6p ). we obtain 

(3.11) \w - [ei|a;i|2+" + 62 (x2 + 63 xi)^] | < C{e^/^ + etl+^) 

for 

|xip+"+4e2 (X2 + 63x1)2 < 10 to 
with |6i — 1|, |62 — 1|, I63I bounded by C9. 

We next observe that if p{x) ~ 6i|a;ip+" + 62 {x2 + 63X1)^, then the function 



p{y) -rP^Fy) 



with F given by 

t =+ 



-1 ( "-0 " I I '^i " I _ O^^A^^ 

to 











/ \e3e2' 


el/ 






yi|^+" + 


yl 



satisfies 



Hence, denoting by 

w{y) = ^w{Fy) 
To 

we conclude from (|3.1ip that 

l^(y) - (I2/1P+" + yl)\ < C{e''%' + eti), for |2/ip+« + yl < 2. 

Since j?!; — {t| < Ce^^'^t'^^^ (because — ii| < Ce^^^) we find for e < min(0^,eo), 
with Eq small, that 

{u < 1} e r±7 

with 

The proof is now completed since St„ ~ F{u < 1} = ADt„{u < 1}. 

□ 

The proof given above also shows the following Lemma. 
Lemma 3.2. Assume that u satisfies 

det D^u = c f{x), on Si 

and 

Bi/ko C 5i C Bka- 
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Then, given Oq, there exist ei{0o, ko) and ti{0Q, fco) small such that if 

\fix)-\x,n<e. 



then 



with 

(3.12) Ao : 

and 



St, e AoAi(r±0o) 

ao,ii \ 



,^0,21 ao,22. 



c(fco) < aa^ii < C{ko), |ao,i2| < C(fco) 
for some universal constants c(fco), C(fco). 

The proof of Theorem 11.21 readily follows from the next proposition which shows 
that if the section S\ has large eccentricity, for some A, then u enjoys the nonradial 
behavior (|1.6p at the origin. 

Proposition 3.3. Assume that u solves the equation 

det D^u = \x\°', on Si 
and that Si has large eccentricity, i.e. 

FBi/k^cSiCFB,^, 

with b > Cq. Then, there exists a z-system of coordinates such that 

(3.13) U{Z) = + ^ o ((|^^|2+. ^ 2)1+.) 

[a + 2)(a + 1) 2a 

for some a > 0. 

Proof. The proof will be based on an inductive argument, where at each step will 
use Lemma [XT] 
Denote by 

Vi{x) := u(Fx), 
and compute that vi satisfies the equation 

detD^viix) = {detFf\Fx\°' = c^+"6"|(a;i, fo-^xa)!". 

Also, 

< 1} = F-^Si. 

If b is large, then vi satisfies hypothesis of the Lemma 13.21 Hence, for some fixed 
6*0 we obtain 

St, = F{vi <ti}e FAoDt, (r ± Oo) 
with ^0 satisfying (|3.12p . 

We assume by induction that for t — tit^ we have 
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St e FAMr±9ot^o''^^) 



with 

and 
(3.14) 

We will show that 

where 
and 



Ah 



, afc.2i afc.22 , 



c/2<akM<2C, \ak,2i\<2C. 



St,teFAk+iDtA'^±eot^^) 



Ak+1 — Ak Ek 



eksi 



with 
(3.15) 



\ek,^^ - 1| < C0o4'"'", |efc.2i| i"^^ < C0o4'"'^'- 



Notice that condition p.lSp implies the bound 
(3.16) \Ak+i- Ak\<Ceot\^-^^'. 

To prove this inductive step, we observe that the function 

vt{x) -.^t-^uiFAkDtx) 
satisfies in {vt < 1} the equation 



det D^wt = ct \x\ 



with 



and 



/ 1 1 1 \ ^ 

= (afe,iii^a;i,5"^(afc,2it^a;i +afc, 22^^2:2) j = c[ ft{x) 



Also 



Ak-i)s 



\ft-\xin<b-h^i^. 

{vt< l}eT±eo4^ 

^^^) by the inductiv 
is chosen small, then vt satisfies the assumptions of Lemma |3.1[ yielding to 



since St € FAkDtiT ± OqI^ ^''^) by the inductive assumption. Hence, if S 



{vt < to} e ADt,{T±0ot^ 



k5\ 
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with 

(3.17) < C^oio''"'^*. 
Thus 

Stot e FAkDtADt„{r±9ot'^^). 

Defining Ek such that 

DtA = EkDu 

we see from p.l7p that Ek satisfies p.isp . We conclude the proof of the induction 
step by first choosing small so that (|3.12p and p.l6p imply that (|3.14p is always 
satisfied. 
Denote by 

A* := lim Ak- 

k — ^oo 

We will prove next that 

(3.18) StG FA*Dt{T±C't^). 
As before, let t = titQ. Notice that 

A*=AkEl El-.^UZkE, 
and it is straightforward to check from p.isp that 

(3.19) \el^u-M<Cit', \el^,,\t-^ <C^t'. 
We have 

AkDt=A*{E*ky'Dt = A*DtE 

with 

\ek,^^~l\<C2t', \ek,12\<C2t'. 

Now (|3.18p follows since 

E{T±C2t^) cT±C't^. 
Finally, from p.lSp we see that 

u{FA*x) = |xip+"+a:2 + 0((|a:i|2+"+ 2:2)1+^) 
which implies that in a z-system of coordinates 

u{z) = + /32 z| + 0((|ziP+" + z|)i+'). 

The rescaled functions 

-1 / i \ 

r -«(r2+° Zi, r2 2:2) 

converge, as r ^ 0, to 

u{z) :=/3i|zip+"+/32z|. 
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Moreover, this function solves the hmiting equation 
Hence 

2(2 + a)(l + a)/3i/32 = 1 
which imphes (I3.13|) . □ 

4. Negative powers 
In this section we consider the equation 

(4.1) detD^M = inf^cK^ 

in the negative range of exponents — 2 < a < 0. 

We win assume, throughout the section, that € f2 and 

w(0) = 0, Vu(0) = 0. 

Our goal is to prove the following proposition, which shows that solutions of equa- 
tion (j4.ip admit only the radial behavior near the origin. This is in contrast with 
the case < a < oo, where both the radial behavior and the non-radial behavior 
p.lSp occur (see Proposition [331)- 

Proposition 4.1. There exist positive constants c, C (depending on u) such that 

c|xp+"/2 < u{x) < C|xp+"/2 

near the origin. 

We distinguish two cases depending on whether or not the measure |a;|"(ix is 
doubling with respect to all ellipsoids (see the discussion in Section [2]). 

i. The case — 1 < a < : In this case the measure 

^ := |a;|"da; 

is doubling with respect to ellipsoids. Indeed, it suffices to show that there exists 
c > such that for any ellipsoid i?, we have 

(4.2) ii{xQ + E)>cii{xa + 2E). 
Since — 1 < a, the density 

{xi+xir'^ 

is doubling on each line X2 = const, with the doubling constant independent of 0:2. 
This implies that the density /i = |x|"da; is doubling with respect to any line in 
the plane. From this and the fact that xq -I- 2E can be covered with translates of 
xq -f i?/2 over a finite number of directions we obtain (|4.2p . 
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From Theorem I2.2[ there exists a matrix At such that St ^ At, i.e 

(4.3) k^^AtBr cStC koAtBr, 
with 

r = t{fi{St))-^^^ detA = l. 

In this case Proposition 14.11 follows from the lemma below. 

Lemma 4.2. There exist universal constants C > large and S > 0, such that if 
St ^ At with I At I > C, then 

(4.4) Sst--Ast, with \Ast\<\At\/2. 
In particular, \At\ < C\At^-,\, ift<tQ. 

Proof. We will use a compactness argument. Assume, by contradiction, that the 
conclusion of the lemma is not true. Then we can find a sequence of solutions Ufc of 
(|4Tl) with sections S"^^ at such that S"^^ ~ A^^ with jA"^*"! oo and does 
not hold for any 5 > 0. 

Without loss of generality we may assume that 

(4.5) A^l: := 
We renormalize the functions Uk 

(4.6) Vk{x) ^UkirkAl^x) 

tk 

so that 
and 

k^^Bi C SI" C fcoSi. 

Since, S"" ~ A^^ , i.e in particular = tk {fi{St^ ))^^/^ , the Monge Ampere mea- 
sure det D^Vk dx satisfies 

deti^V(5r)=r?t-V(5r;)-l. 

Hence, as fc — s- cx) we can find a subsequence of the Ufc's that converge uniformly to 
a function v that satisfies 



(4.7) 



detl?^w = c\xi\°'dx 
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and 

k-^Bi C S'l C fco^i, detD^VkiSl) = 1. 



Obviously, the constant c in (14. 7p is bounded from above and below by universal 
constants. Since the right hand side of ()4.7|) does not depend on X2 and v is constant 
on dSi, Pogorelov's interior estimate holds and we obtain the bound 

V22 < Ci, in (2fco)-'5i. 
This implies that the section contains a segment of size S-^^^ in the X2 direc- 
tion, namely 

(4.8) {xi=0, |x2|<((5/Ci)i/2}c^|. 

From Theorem 12.21 there exists 



(4.9) As - , < a < C{S), \b\ < C{S) 
with 

(4.10) k^^AsBr C 5J C koAsBr 
and 

(4.11) r^S[detD^viS^)]-^/^. 
From and (|4.10p we have 

a 

while from (|??Tn|) and (|ilT|l we get 

(5^ = det D^v{S^) > C2 -(ar)i+". 

a 

From the last two inequalities we obtain 

(4.12) a < C2(5^i(^^ < 1/4 for S smaU universal. 

Since the u^'s converge uniformly to v, their S sections also converge uniformly, 
thus 

Sg'' ~ As, for k large 

and hence 

otk Ifc " 

From (|4?5l) . ([49]) . ((4T2l) we conclude 

< lAJ-M/S for fc large, 
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which imphes that the function Uk satisfies (|4.4|) , a contradiction. 

□ 

ii. The case —2 < a < —1: In this case the measure /i is not doubhng with 
respect to any convex set but it is stiU doubhng with respect to convex sets that 
have the origin as the center of mass. 

We proceed as in the first case but replacing the sections St with the sections Tt 
that have as the center of mass. The existence of these sections foUows from the 
foUowing lemma due to L. Caffarelli, Lemma 2 in 

Lemma 4.3 (Centered sections). Let u : M" ]RU{cxd} he a globally defined convex 
function (we set u ^ oo outside Vl). Also, assume u is bounded in a neighborhood 
of and the graph of u does not contain an entire line. 

Then, for each t > 0, there exists a "t— section" Tt centered at 0, that is there 
exists pt such that the convex set 

Tt := { u{x) < u{0) +PfX + t} 

is bounded and has as center of mass. 

Using the lemma above one can obtain Theorem 12.21 (similarly as in ) , with 
St is replaced by Tt: for every Tt C as above, there exists a unitary matrix At, 
such that 

(4.13) ko^AtBr C Tt c koAtBr 
with 

r^t{^{Tt))-"\ 
If is satisfied we write Tt At. 

We will next show the analogue of Lemma [4?2l for this case. 

Lemma 4.4. There exist universal constants C > large and 5 > Q, such that if 
Tt ^ At with \At \ > C, then Tst C Tt and 

(4.14) Tst - Ast, with \Ast\< |At|/2. 

Proof. We argue similarly as in the proof of Lemma 14.21 We assume by contradic- 
tion that the conclusion does not hold for a sequence of functions u^. Proceeding 
as in the proof of lemma 14.21 we work with the renormalizations V}~ of u^. defined 
by (|4.6p which satisfy 

detD^Vk = 4 \xl+a-^xl\'^'^ =: /ife 

and 

k^^Bi C T^" C fco^i, dctD^VkiTl") = 1. 
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As fc — > CX3, we can find a subsequence of the Vk^s wliicli converges uniformly to a 
function v. Since Ofc — > oo and — 2 < a < ^1, the corresponding measures /ifc, when 
restricted to a line X2 — const., converge weakly to the measure c |a;2|^'*'"(5{2;l=o}■ 
This implies that the measures converge weakly to c\x2\^^"dTl^^^^^y, where 
dTi.^ is the 1 dimensional Hausdorff measure. Hence, the limit function v satisfies 

(4.15) detD\^c\x2\^+°'dHl^^^o} 

ko^Bi CT^ CkoBi, det D^VkiT^) = 1. 

Clearly c is bounded from above and below by universal constants. 

We notice that the measure dH^^_^^Qy is doubling with respect to any convex set 
with the center of mass on the line {xi — 0}. Using the same methods as in the 
case of classical Monge- Ampere equation one can show that the graph of v contains 
no line segments when restricted to {xi — 0} (see the Lemma |4 . 5 1 below) . From this 
and the fact that v is the convex envelope of its restriction on dT^ and {xi = 0} (see 
(|4.15p ) we conclude that there exist two supporting planes with slopes /3e2 ± 761 
to the graph of v at 0. Moreover, it follows from the compactness of the equation 
(|4.15p that 7 can be chosen universal, and the sections Tg satisfy 

C (2fco)"'Bi 
when 5 < Sq, a universal constant. We have 

(4.16) T,''c{|.Ti| <c(7)<5}. 
Let As be of the form (|49l) with 

ko^AsBr C C koAsBr 

and 

(4.17) r = S [det D^v{T^)]-^/^ - S{r/a)^+''/^ . 
On the other hand (|4.16p implies 

ar < cS 

which together with (|4.17p yields 

a < cSi^ < 1/4 

for S small enough. Now the contradiction follows as in Lemma [121 O 
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Lemma 4.5. If v satisfies d^. then 

vo{t) ■.= v{0,t) 

is strictly convex. 

Proof. Assume that the conclusion does not hold. Then, after subtracting a linear 
function, we can assume that 

■u > in T^l' 

and 

vo{t)^0 fort<0, VQ{t)>0 fort>0. 

Let 

le ■■= et + fle 

be such that 

(4.18) Qe{v^<k} = {K,c,)^G, T^^O ase->0. 

We consider the linear function in such that {u < p^} has center of mass on 
{xi = 0} and = on {xi = 0}. 

We claim that for e small, {u < p^} is compactly included in T^. Otherwise, the 
graph of V would contain a segment passing through 0, hence u = in an open set 
which intersects the line {xi = 0} and we contradict (|4.15p . 

Since d'H^^^^Q^ is doubling with respect to the center of mass of {u < p^}, we 
conclude that this set is also balanced around which contradicts (|4.18p . □ 

We are now in the position to exhibit the final steps of the proof of Proposition 
14.11 in the case -2 < a < -1. 

Proof of Proposition \4-l\ We choose to small, such that 

c n. 

The existence of to follows from the fact that the graph of u cannot contain any 
line segments. 

From Lemma H^ we conclude that there exists a large constant K > depending 
on the eccentricity of Ttg such that 

Tt.r^At, with \At\ < K ior all t < Sto. 
Claim: There exists 7 depending on K such that S-yt C Tt. 

To show this, first observe that by rescaling we can assume that t — 1. We use 
the compactness of the problem for fixed K. If there exist a sequence 7^ ^ 
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and functions Uk for which the conclusion docs not hold then, the graph of the 
limiting function Moo (of a subsequence of {uk}) contains a line segment. This is a 
contradiction since Uqo solves the Monge- Ampere equation (j4.ip . which proves the 
claim. 

If t = 1, then from simple geometrical considerations and the claim above we obtain 

By rescaling, we find that St has bounded eccentricity for t small, and the propo- 
sition is proved. 

□ 



5. Homogenous solutions and blowup limits 
We will consider in this section homogenous solutions of the equation 

det D'^w{x) = \x\" inM^ 
for a > — 2, namely solutions of the form 

w{x) =r'^+°'^'^g{e) ■=rl^g, 13 = 2 + a/2. 
In the polar system of coordinates 

Thus, the function g satisfies the following ODE 

(5.1) pgig" + fig) - [P - l){g'? = l/{(3 - 1). 

We consider g as the new variable in a maximal interval [a, b] where g is increasing, 
and define h on [g{a),g{h)] as 



5' = V2%)- 

We have 

9" = h'{g) 

thus h satisfies 

I3t {h'{t) + (3t) - 2{(3 - 1) hit) = l/(/? - 1). 
Solving for h we obtain 

(5.2) 2h4t)=ct'^'-^^-ph'~^^^ 
for some c positive. 
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The function g on [a, b] is the inverse of 

1 



--dt 



g{a) \/2hc{t) 

and the length of the interval [a, b] is given by 

(5.3) 6-a= / dt:= h. 

J{h,>o} \/2hc{t) 

Solutions of (j5.ip are periodic, of period 2{b — a), thus a global solution g on the 
circle exists if and only if Ic equals 7r/fc, for some integer k. Next we investigate 
the existence of such solutions. 

First we notice that for any quadratic polynomial /(s) = —l^ s'^ + di s + d2 of 
opening —2 we have 

(5.4) / —^ds = y. 

-'{/>o} Vfis) I 

Therefore if (f>{s) denotes any convex function which intersects the parabola Ps^ at 
two points, and we set /(s) — —Ps^ + dis + d2, with dis + d2 denoting the line 
through the intersection points between 0(s) and Ps^ , then 

1 , /■ 1,1" 

: ds > / — , ds = — . 



/{0(s)-;2s2>o} y/(t){s) - Ps'^ J{f>Q} \/f{s) ^ 

If (/)(s) is concave we obtain the opposite inequality. 

Applying the above to hc{s), we find that depending on the convexity of the first 
term in (|5.2p . we obtain that the integral Ic in (j5.3p is less (or greater) than ir/f] 
for ^ < 2 (or /3 > 2), i.e., 

(5.5) /, <5, if/3<2 and /, > 5, if /? > 2. 

P P 

On the other hand, by performing the change of variable 

i. 

t — 



in the integral (|5.3[) we obtain the integral (|5.4[) with 

/(s) := CIS - - C2S^-'^ 

for some positive constants ci, C2 depending on c. Hence, depending on the con- 
vexity of the last term of /, the integral Ic is greater (or less) than tt/2 for /3 < 2 
(or (3 > 2), i.e., 

(5.6) > f ' if < 2 and c < | if /? > 2. 
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Let -2 < a < 0, or equivalently 1 < /? < 2. It follows from (|5.5|) and (|5.6|) that 
7r/2 < Ic < 7r//3, hence Ic — 7r/fc, for an integral k only when k = 1. This readily 
implies that the only homogeneous solution in this case is the radial one. 

Assume next that a > 0. We will show next that in this case, depending on the 
value of /3, more homogeneous solutions may exist. 

To this end, denote by cq = co(a) the value of c for which the two functions 

f,{t) = ct"^'-is) and /2(t) = ^32^2 + _2_ 

become tangent. When c < cq, then the set were hc{t) > is empty. As c ^ 
the set {t : hc{t) > 0} approaches the point to at which the two functions fi{t) and 
f2{t) become tangent when c = Cq. Since /[{to) = /2(io) when c = Cq, the point to 
satisfies 



which implies that 



2c (1-1)^0 ' =2/3% 



As c Cq , fi (t) behaves as its Taylor quadratic polynomial, namely 

fiit)^fito)+nto)t^ + ^t' 

and 

We conclude that, as c — > cj", (^c)^ behaves as a quadratic polynomial of opening 
—4/3, and thus Ic converges to 7r/-/2/3. Hence, i^^i f ) C {Ic, c > Cq} and also 
{Ic, c>co}c(f,f),by (lEB, (lElD. 

Summarizing the discussion above yields: 

Proposition 5.1. Homogenous solutions to (jj.jp are periodic on the unit circle. 

i. If —2 < a < 0, then the only homogenous solution is the radial one. 

ii. If a > 0, then there exists a homogenous solution of principal period 27r/fc if 
and only if 

- G {Ic, c > co(a)}. 



In addition. 



with (3 = 2 + a/2. 



TT TT TT TT 

(^,-)cR, c>co}c(-,-) 



Using the proposition above, we will now prove Theorem 11.41 We begin with 
two useful remarks. 
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Remark 5.2. From ()5.2p we see that any pomt in the positive quadrant can be 
written as {t, \/2hc) for a suitable c. Hence, given any point xq e dBi and any 
positive symmetric unimodular matrix A, there exists a homogenous solution w in 
a neighborhood of xq such that D'^w{xo) = A. 

Remark 5.3. Equation (|5.2p gives 

[(/i'+/3i)+/3(/3-l)i]t^"'=c(l-l) 

hence 

is constant for any local homogenous solution w. This quantity will play a crucial 
role in the proof of Theorem II. 41 

Definition 5.4. For any solution u of equation (jl.ip . we define 

2 

Ju{x) -.^ {Au){r'^Urry , "f := - - I. 

p 

Remark 5.5. The quantity Ju{x) remains invariant under the homogenous scaling 

v{x) = r~^u{rx), Jv{x) = Ju{rx). 

We denote by Jg the constant obtained when we evaluate J on the radial solution 
uo of pTT]) . 

Proposition 5.6. The function 

\Ju — Jo\ 

cannot have an interior maximum in il \ {0} unless it is constant. 

Proof. We compute the linearized operator u^^ Mij for 

M = log J„ = log(Aw) + 7log(xia;jWij) 

at a point x G n \ {0} where Ju{x) ^ Jq. 

By choosing an appropriate system of coordinates and by rescaling, we can as- 
sume that = 1 and D'^u is diagonal. By differentiating the equation (jl.ip twice 
we obtain 

(5.7) u"ukii = axk 
and 

u'^Ukiii = u^^u^UkijUiij + a{Si - 2xkXi). 

Since the linearized equation of each second derivative of u depends on D^u, 
D'^u and x we see that 

(5.8) u'-n-hj = H{D^u, D^u, x) 

where iJ is a quadratic polynomial in D^u for fixed D^u > and x. 
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Let w denote the (local) homogenous solution for which D^u{x) 
Since — log Ju, is constant, we have 

H{D^w,D^wr) =0 

in a neighborhood of x. 
Claim. We have 

\\D^uix) - D^w{x)\\ < C\VM\ 
with the constant C depending on D^u and x. 
Proof of Claim. From (|5.7p and the following equalities 



D'^w{x). 



Mk^ -;—+ 1 

we obtain the following system for the third derivatives of u, 



/I 1 0\ (^\ 

10 1 

bi di b2 

\0 bi d2 62/ 



M112 
uii 
M221 

"22 



\ M222 , 
^ M22 ' 



axi 
ax2 
Ml - 27^^ 
\M2 - 272^, 



and 



2 

+7^ ■' 

Au Urr 



27U, 



t ■ 



The third order derivatives of w solve the same system but with no dependence on 
M in the right hand side vector (since the corresponding M for w is constant). 

It is enough to show that the determinant of the third order derivatives coefficient 
matrix above is positive. This determinant is equal to 

did2 + (61 - b2f = 47^(^)2 + (61 - b2f 

and can vanish only if one of the coordinates, say X2 = 0, and bi = &2, i-e. 

■2 1-7 



1 + 7 



/3-1. 



This implies that J{x) — Jq which is a contradiction. Thus, the determinant is 
positive and the claim is proved. 

Since H depends quadratically on D^u and D^u = D^w at x, the claim above 
implies that 



\H{D^u,D^u,x)\ = \H{D^u,D^u,x) - H{D^w, D^u,x)\ 
< Cix,D^u){\VM\ + |VA//|2). 
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Hence, ()5.8p implies that on the set where J{x) ^ Jo there exists a smooth function 
C{x) depending on u such that 

lu'Wyl < C{x){\WM\ + |VM|2). 

From the strong maximum principle, we conclude that M cannot have a local 
maximum or minimum in this set unless it is constant. With this the Proposition 
is proved. 

□ 

Theorem II .41 will follow from the proposition below. 

Proposition 5.7. Suppose that u is a solution u of with a > —2, which 

satisfies 

(5.9) c\xf < u{x) < C\xf , /3 = 2 + a/2. 

Then the limit 

J„(0) := lim Ju[x) 
exists. Moreover, if for a sequence of r^ — > the blow up solutions 

■= r~'^u{rkx) 

converge uniformly on compact sets to the solution w, then w is homogenous of 
degree P with — J„(0). 

Proof. From (j5.9p we find that as x — > 0, Ju{x) is bounded away from and oo by 
constants depending on c, C. We will first show that linij^^o Ju{x) = J(0) exists. 
We may assume, without loss of generality, that 

limsup J„(x) := k > Jq. 

Let Xi be a sequence of points for which lim sup is achieved. The blow up solutions 
Vn, ri — \xi\, have a subsequence which converges uniformly on compact sets of 
to a solution v. Moreover, there exists a point y on the unit circle for which 

Jv (y) — k > lim sup Jv , 

hence, by Proposition 15. 6( Jv is constant. 
This argument also shows that if 

Ju{z) < k — e then Ju{x) < k — d{e) on the circle |x| = \z\. 
Thus, if there exists a sequence of points yj with 

lim J„(t/j) < k 
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then Ju would have an interior maximum in the annulus {x : \yj\ < \x\ < \yjiW 
that contains one of the points Xi given above, a contradiction. This shows that 
livux^o Ju{x) exists. 

It remains to prove that if is constant, then v is homogenous. It suffices to 
show that D^v is homogenous of degree /3— 2, or more precisely that for each second 
derivative Vij , we have 

(5.10) x-Vv,j ^ {l3-2)v,j. 

To this end, for a fixed point x, we consider the homogenous solution w with 
D^w{x) = D'^v{x). Since 

VJu(a;) = VJyj{x) = 

the third derivatives of v and w solve the same system. We have seen in the 
proof of Proposition 15.61 that this system is solvable provided ^ Jq. Thus 
D^v{x) = D^w{x) if Jy ^ Jq. Since l|5.10p is obviously true for this implies that 
the equality holds for u as well. 

If Jv = Jq we denote by F the set where D^u{x) does not coincide with the 
hessian of the radial solution. From the proof of Proposition 15.61 we still obtain 
D^v{x) — D^w{x) if a; e F, and by continuity (|5.10p holds for a; S f . If a; is in 
the open set F^, then D^v coincides with D^uq and (I5.10p is again satisfied. This 
finishes the proof of the proposition. 

□ 



Proof of Theorem The proof of the theorem readily follows from Propositions 
OOandO □ 



6. Proof of Theorem 11.31 
We consider the Dirichlct problem 



(6.1) 



detZJ^u = in Si 

u — Uq — £ cos{29) on dBi 
in the range of exponents a > 0. Here 

UQ{x)=Ca\xf, 13 ^2 + a/2 

denotes the radial solution of the equation, i.e, detZJ^ug = We write the 

solution as 

(6.2) U = Uq — £V. 

Heuristically, is e is small v satisfies the linearized equation at uq, namely 



{D^uoy^ : D^v = 0, 
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where we use the notation A : B ~ l^ij '^ij ^ij ^^r the Frobenius inner product 
between two n x n matrices A and B. 

At any point a;o G Bi, we denote by v and r the unit normal (radial) and unit 
tangential direction, respectively, to the circle |a;| = |a;o| at xq. In (i/, r) coordinates, 

U Un = Car 

\ ^ /3j 

hence, v satisfies the equation 

Solving this equation with boundary data v = cos(20) we obtain the solution 

v^rP cos(26l) 

with 

p(p-l) + (/3~l)(p-4) = 0. 
Solving the quadratic equation with respect to p gives 



2 • 

Since /3 := 2 + a/2 > 2 the only acceptable solution is 



2-/3+ + 12/3 -12 
2 

and it satisfies 

(6.3) 2 < p < /3 

which suggests that close to the origin the perturbation term ev dominates uq. 

We wish to show that the solution u of the Dirichlet problem (|6.ip admits at the 
origin the non-radial behavior p.6p . if e < Sq, with Eq sufficiently small. We will 
argue by contradiction. Assume, that u has the radial behavior 

Co \xf < u{x) < Co \xf 
with Co, Co universal constants. By rescaling, we deduce that 

cl < \x\'^~'^D^u{x) < CI 
with / denoting the identity matrix. 

The function v which is defined by (|6.2p satisfies 



\v\ < 1, v = cos(26') on dBi 

and solves the equation 
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1 ^1 

2„, I /I +\ 7-l2„,N — 1 J+ / /'7-)2„, I 1\7-l2„,N— 1, 



with 

Jo Jo 

Hence 

(6.4) cl <r^-'^A<C I. 

The solution u has bounded third order derivatives in Bi \ i?i/2, thus 

\D^v{x)\ <C\\v\\l^ <C inBi\Bi/2. 
By rescahng we obtain the bound 

\D^v{x)\ < C\x\~^. 

From this we find that 

r0-^\A-D^u^^\<Cer-'' 
hence, v satisfies the Dirichlet problem 



(6.5) 
with 



f^v.j =0 in Bi 
V — cos(20) on dBi 



F ■= cr^-"^ A 

hence, by (|6.4p . 



cI<F<CI and \F-Fo\<Cer~^ 

with 

Fo := (g) + (/3 - 1) T (g) T. 

(As before, we denote by v and r the unit normal (radial) and unit tangential 

directions, to the circle \x\ = \xo\ at each point xq £ Bi). 

Also, 

\v\ < 1, on Bi. 
From the definitions of A and F we also obtain 

(6.6) \\y{F~Fo)\\<C{ro)e for > rg. 

Set 

w rP cos(26'). 

Then, w satisfies the equation 

Fo : D'^w = 
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thus, we have 

Wij I < CrP-^ min{£r-'3, 1}. 

Applying the Aleksandrov maximum principle on v — w (see Theorem 9.1 in [l]), 
we find that 

\v-w\< Ce^ 

and therefore (see (|6.6p ) 



(6.7) \D'^v-D'^w\<C'{rt^)e\ for |a;| > tq. 

We next compute 

2 

M^{x) := log(Au) +7log(r2u„), 7 := - - 1 

P 

in terms of for \x\ > tq, with rg small, fixed. We recall that M„q is constant 
in X. Since u = uq — ev, we find that 

Because 

detLl^u = detD^uo 
the function w satisfies the equation 

— WO.rr ^rr ^ ""O.rr W^r + £ dct D'^V = 

or equivalently (since uo{r) ~ CaV^) 

Vrr + (/3 — 1) Wt-t = £ TT det Z3^i;. 

The last equality implies that 



All n j.2(2-/3) 



Auo ' Uo,rr Cl /33 (/? - 1) 

and also that 

Auo UO,rr 7 Auq 

2^2(2-/3) 

From (16.71) and the above we conclude that 



{AvY + 0{e). 
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for |a;| > ro, with 0{e^^^) depending on tq. The constants ai and 02 are given by 

We recall that w{r,6) — cos(26'). Then, a direct computation shows that each 
term in the square brackets above is positive. Thus the term is positive and 
homogeneous of degree 2{p — f3), with p < /3 (as shown in ()6.3p ). We conclude from 
Proposition 15.61 that 

limM„(a;) > M„„. 

x—>-0 

Hence, from Proposition 15. 7[ the blowup limit of u at the origin cannot be uq. On 
the other hand, from the symmetry of the boundary data for u we conclude that 
the function v — v(0) has exactly two disconnected components where it is positive 
(or negative). Thus the blowup limit at the origin for u has period n on the unit 
circle which contradicts Proposition [5TT] 

□ 

7. Proof of Theorem 11.11 

In this final section wc will present the last steps of the proof of Theorem 11.11 
We distinguish the two different cases of behavior at the origin, (|1.5p and (|1.6p . 

Case 1: Radial Behavior. We will show that solutions of (jl.ip with the radial 
behavior (|1.5p are C^'"^. 

We begin by observing that solutions of (jl.ip satisfy, in Bi \ -B1/2, the estimate 

(7.1) \\DMc-^HBAB^,.)<C{a) 
provided that 

(7.2) c{a) Ixp+t < u{x) < C{a) jxp+f . 
For any r > 0, the rescaled functions 

(7.3) ^'■(a;) := M(ra;) 

solve the equation (II. ip . Since u has the radial behavior ()1.5p at the origin, each 
function u'" satisfies ()7.2p . Hence, applying ()7.ip to u^, we obtain for x,y E Bi\Bi/2 
the estimates 

iD'^uirx) - D^u{ry)\ < rtjx- y|, \D^u{rx)\ < C r"^ . 
The above estimates, readily imply that u E C^'^i . 

Case 2: Non-radial Behavior. In the rest of the section we will show that solutions 
of (jl.ip which satisfy the nonradial behavior (|1.6p are also of class C^'*, for some 
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(5 > 0. The idea is simple: we approximate u with quadratic polynomials in the X2 
direction. However, the proof is quite technical. 

In order to simplify the constants, we assume that u solves the equation 

(7.4) deti:>=^u = 2(2 + a)(l + a) 
instead of (jl.ip and (after rescaling) that 

(7.5) u(a;) = |a;i|2+"+a;2+0((|xi|2+"+a;2)i+^), as |x| ^ 0. 
From now on, we will denote points in with capital letters 

X = {xi,X2). 

The Holder continuity of the second order derivatives of u follows easily from 
the following proposition. 

Proposition 7.1. Let X > be small and 

Y enx:={X< \xi\^+" + xl < 2A}. 

Then, there exist C, pi universal constants such that in B :— i?(y, A^"*""), we have 

\\D''u\\c.(B)<C and \\D''u ^ D''u{S))\\l^{B) < ■ 
We will show that in the sections 

Sx,,t ■■={X: u{X) < u{Xo) + VuiXo) ■ {X - Xq) + t}. 
of u at the point 

Xo = (0,xo), \xo\<2\^'^ 

we can approximate u by quadratic polynomials of opening 2 on vertical segments. 
We begin by making the following definition. 

Definition 7.2. We say that 

u e (5(e, e, f]) 

if for any vertical segment Z C 57 of length less than e, there exists a quadratic 
polynomial Pxi.i{x2) of opening 2, namely 

Pxt,i{x2) = xl +p{xi,l)x2 +r{xi,l) 

such that 

\u{xi,X2) - PxiA^2)\ < se^ on/. 
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Notice that for c < 1 we have 

The plan of the proof is as follows: We prove Proposition lT.ll for points Y G Sxo,t , 
with t < X. We first show that u belongs to some appropriate Q classes and 
distinguish two cases; one when t > At+i^'^i for some fixed Si > 0, and the other 
when t = A^"*"^"*^^. In the first case we use the same method as in Lemma |3. II and 
approximate the right hand side of the rescaled Monge- Ampere equation 

with (see Lemma l7.3p . In the second case we approximate f{X) with a more 

general polynomial +pxi + q and obtain a better approximation (Q class) for u 
(Lemma FTi]) . 

The Holder estimates for points Y g Sxo,t, \xo\ > A^/^ are obtained in appro- 
priate sections SY,a in which all the values of \x\ are comparable. In these sections 
the Monge- Ampere equation is nondegenerate and the classical estimates apply. 
To obtain the appropriate section Sy.a we distinguish two cases, depending on the 
distance from Y to the X2 axis. If \yi\ > A^^^, then we take a so that SY,a- is at 
distance greater than |yi|/2 from the X2 axis (Lemma 17. 5p . If \yi\ < \^^^, then we 
take a = A~2~ and Sy,ct is close enough to the X2 axis so that all its points are at 
distance comparable to A^^^ from the origin (Lemma l7.6|l . 

In what follows we will denote by At, Dt the matrices 




Lemma 7.3. Let Xq = (0, xq) with \xf)\ < 2A^/^, < A < 1. Then, for any Si > 
and 

(7.6) X'i+^-^^<t<\ 
there exists a small S2 > 0, depending on Si, such that 

(7.7) Sxo,t-XoeAtDtir±t^^) 
with 

(7.8) \At-I\<t^\ 
Moreover, 

ueQitKx^\Sxo,t)- 

Proof. We begin by observing that if t = A, then the conclusion of the lemma 
follows from the expansion (j7.5p with matrix At — I. We will show by induction, 
using at each step the approximation lemma [XTl that (|7.7p and (|7.8p hold for every 
< = Atg, A: e N, which satisfies ([TTB]) . 
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Assume that (fTJ]) and (TTSl) hold for some t = satisfying ([TJl) . with At 
bounded and at,ii bounded from below. Consider the rescaling 

(7.9) v{X) i (uiXo + AtDtX) - u(Xo) - Vu{Xo) (AtDtX) ). 
Since u satisfies (|7.4p . the function v satisfies the equation 

(7.10) detD^v = 2(2 + a)(l + a)a?i a^^ t"*? \Xo + AtDtX]". 
Since 

(7.11) \Xo + AtDtX\^ = {t^ aiixi)^ + (t^ ai2Xi + tia22X2 + xof 
and |a;o| < 2 A^/^, we conclude from the above that v satisfies 

(7.12) detD^v^c\f{X)\'^, Sl,^eV±& 
with 

\f{x) -xl\<c + tw^?)^ < t2iifc) . 

Notice that the last inequality holds if (|7.6p is satisfied. 
Lemma [5TT] with e = t'^ , (5'((5i, a) > small, yields 

^^o,tot-^oe^t„tAot(r±(toi)'^) 

with 

At,t = AtEt, \Et~I\<Ct^\ 

Thus, (fTTl) and (fTS)) hold for t' ^ tt^. If t' < At+i-''! we stop, otherwise we 
continue the induction. 
From (|77T^ we find that 

(7.13) \v - {\xi\'^+'^ + xl)\ < Ct^^ inS-J i 
which together with (|7.9p and (|7.8p . yields to 

MeQ(a,CA^%5^„,,). 
The lemma is proved by replacing 82 with (52/2. □ 

We will next examine closer the borderline case t ~ \^+^~^^ and show the better 
approximation (|7.15[) of u by quadratic polynomials in the X2 variable. We begin 
by observing that the conclusion of the previous lemma implies that 

Sx,.t - e AtDt{T ± A*=), \At - /| < A*'^ 

for aU At+i-*i < t < A. 
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Lemma 7.4. Assume that for t = and 82 5i, we have 
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(7.14) Sx,,t-X^eAtDt{V±\^-), \At-I\<\^\ 
Then if 5i is small, universal, we have 

(7.15) ueQie,CX^^,Sxgi), for all e with < e <t^^^. 

Proof. Let V be the re-scaling defined in ()7.9|) . It follows from (|7.10|) . ()7.1ip and 
(|7.14p that V satisfies 

detD^^; = c/(X)^, € T ± X^^ 

with 

\f{X)-xl-pxi-q\<t^i^, b|,|(7|<A& 

thus 

|/(X)t - (.? + ,)t I < . .M"), 6,ia) . ^^5^. 

4(2 + a) 

Similarly as in the proof of Lemma 13.11 we define the function w as the solution to 

det D'^w = c{xl+ pxi + q)^ , w = 1 on dS^i 
and obtain (see (|7.13p ) that 

\v-w\ <Ce^ =Ct^ 

and 

|u;-(|a:i|2+"+x2)| <CX^\ 

By considering the partial Legendre transform w* , one can deduce from the last 
inequality, the bounds on \p\, \q\ and Lemma 12.41 that 

\W22 - 2| < CX^' in 

This implies that 

w e Q(e, CX^^- , S'o" 1/2), for any e 

hence 

V eQ{e,CX^\Sl^^^), ioie>t^. 
Then, similarly as at the end of the proof of the previous lemma, we obtain that 

ueQ{t^^'^e,CX^\Slt^2), iore>t^ 
from which the lemma follows, since 
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1 -^0(0) , 2+0 

t2t—s- < X~ 



for Si small, universal (depending only on a). □ 



The next lemma proves Proposition !?. II for a point Y G Sxo.x at distance greater 
than A^/^ from the X2 axis, assmiiing the conclusions of lemmas [7.31 and 

Lemma 7.5. Assume that for X^+'^~^^ <t<X, we have 



(7.16) Sxo,t-XoeAtDt{r±X^^), \At-I\<X^' 
and 

c 2 + a 1 

u e Q{e,C X^ , Sxg^i) for some e, X~<e<t^. 

If 

Y={yi,y2)eSx,^t, l<\yi\e-^<2 

then D^u is Holder continuous in the hall B := BiY, A^+"), and for some constant 
< /3 < 1, it satisfies 

(7.17) \\D^u\\co.f>(B)<C and \D'^ u{Y) - D"^ u{Q)\ < C X^ . 

Proof. Consider the section Sy for a small constant c. By Theorem 12.21 there 
exists a matrix 

(a 0\ 



d &, 



such that 



(7.18) FBi/CoCS^^^2~Y cFBi, Co (a) > universal. 

Using the assumptions of the lemma and (|7.18p we will derive bounds on the coef- 
ficients of the matrix F. Clearly, 



b 

satisfies the bound 

1 ci/2e 

Since e < t^ , the corresponding section for the rescaling v (see (17. 9p . (|7.13l) ') satisfies 



or more precisely 
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thus, 

The last inclusion implies the estimate 

(7.20) \d\ < 2Co {e-^t^^ + \^H^ + a\^^) < ACq {e^ + a) X^^ 

The rescaling 



w{x) :== ^u{Y + Fx) 



satisfies 



(7.21) det D^w = ^/(x)t, By Co C C Si 
with 

(7.22) fix) ~ (yi + axi)^ + (j/2 + rf^^i + bx2)^ 
and 

(7.23) h-P^,(x2)|<A^^ in5»^.. 
We claim that if c is chosen small, universal, then 

(7.24) 2a < < |yi|. 
Indeed, otherwise from (|7.2ip . we deduce that 

det D^wya^+'^b-^ {^i + ^y 

with 

(2a)2+"fe-2 > 6^6-2 > 
and for small c we contradict Bi^q^ C since is bounded. 

From (|7T^ . ([7201), and \y2\ < A\^l'^ we obtain that fix)/yl is bounded 

away from and oo by universal constants, and also its derivatives are bounded by 
tiniversal constants. From (|7.21[) we find that 
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which imphes that a^+", Ij/ip"*"", b^, and are all comparable. Moreover, using 
also (|7.23p . we have 

(7.25) \\D^w\\co.i<C, |u;22 - 2| < A''^ in 5o,^2/2. 
Hence 

(7.26) \w22{x)-W22iy)\<CX^^^^\x-y\^/^ iov x,y e So,,2 /2. 
Also, we have 



D^uiY + Fx) = b^{F-'^)'^D^w{x) F'^ 



with 



which together with (|7.25p implies the second part of the conclusion (|7.17p . Finally, 



since 



\Fx\>M>x^+<^\x\ 
we obtain from (|7.25p and (|7.26p the estimate 

\D^uiY + Fx) - D^u{Y + Fy)\< CX^^/^lx - y\^^^ <C\Fx~ Fyf. 
This finishes the proof of the lemma. □ 

The next lemma proves Holder continuity when Y is A^/^ close to the X2 axis. 
Lemma 7.6. Assume that ^TTB^ holds for t = At+i-^'i, 

ueQie,\'^Sx,±) for e = 



|a;o|>AV2, i^e^jfo.i, \yi\<e— 
Then, the conclusion of Lemma \ 1. 5| still holds. 



Proof. The proof is very similar to that of Lemma 17.51 The only difference is that 
now the second term of / in (|7.22p dominates the sum. 

Indeed, since A^/^ > \yi\ and \y2\ > A^/^/4, the function /(a;)/y| is bounded 
away from and oo by universal constants, and also its derivatives are bounded by 
universal constants. Hence, a^+", 2/2^", and are all comparable and the rest 
of the proof is the same. □ 



ON MONGE-AMPERE EQUATIONS WITH HOMOGENOUS RIGHT HAND SIDE 39 



Proof of Proposition \7.1\ For Y £ fix we consider the section Sy „ that becomes 
tangent to the X2 axis at Xq — (0, xo). Since |a;|"da: is doubhng, there exists Ci 
universal such that 

Y e 5^„,,/3, |a;o| < t := Cia < C2X. 

We distinguish the following three cases: 

i. If t > to := ^ then the proposition follows from Lemmas 17.31 and 17.51 
with 

e = \yif-^>c,t'/'. 

ii. If t < to and \yi\ > A^^^, then wc apply Lemmas 17.41 and 17.51 for Sxo.to with e 
defined as above. 

iii. If t < ^0 and \yi\ < A^/^, then we apply Lemma [7.4l and Lemma [7.6l We remark 
that the hypothesis |a;o| > A^/^/2 is satisfied because Y g 

□ 
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